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Abstract. The dipole~dipole interaction is calculated for antiferromagnetic con-
figurations found in the REBazCugQOy_s compounds, as a function of the spacing
between ab planes. Crossover from three-dimensional to two-dirensional behaviour
is demonstrated for both the ground state energy and the coefficients of the quadratic
terms in the propagator,

1. Introduction

A large pumber of experimental studies have demonstrated the existence of bulk su-
perconductivity in the REBa,CugzO; layered compounds (RE = rare earth). Recently
there has been considerable interest in the magnetic ordering of the rare earth ions at
low temperatures. Table 1 summarizes some of the available experimental results for
the superconducting and related non-superconducting compounds. With the notable
exception of Pr the superconducting transition temperature is little affected by the par-
ticular RE and is typically in the range 92-95 K for the fully oxygenated compounds
indicating that the coupling between the rare earths ions and the superconducting
charge carriers must be, in some sense, weak. Antiferromagnetic ordering of the rare
earth ions typically occurs at a Néel temperature Q{1 K) (again a notable excep-
tion is Pr). Neutron scattering experiments have determined the antiferromagunetic
structure in ErBa,Cu,O, (figure 1(a)) and neutron scattering experiments and spe-
cific heat measurements provide strong evidence that the magnetic transition is in the
universality class of the two-dimensional Ising model [8,17,24]. The two-dimensional
nature of the transition is easily understood if the magnetic interaction is assumed to
consist only of the exchange interaction since the lattice spacing in the e direction is
approximately three times that in the b and a directions. However at ordering temper-
atures O(1 K) we expect a significant contribution from the magnetic dipole-dipole
interaction which is inherently long ranged in nature.

The nature of the ordering is less clear in the other rare earth compounds. As an
example, specific heat measurements on superconducting REBa,Cu,O,_s with RE =
Gd, Dy, Sm or Nd [3,7,8,17,25] appear to be well fitted by the solution of the two-
dimensional Ising model. Neutron scattering experiments on these compounds indicate
that the tendency to order three-dimensionally is much stronger than in Er and have a
spin configuration below Ty which is unstable if only dipole-dipole forces are present.
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Table 1. Summary of experimental results. The letters (2), (b}, {c) and (d} indi-
cate the magnetic configuration where known: (&) The Aaa configuration; (b) AFA
configuration; (¢} AAF configuration; (d) APF configuration.

Rare earth Compound Tn 3 Te

Pr PrBa;Cu; Oy [1] 17 K (a)

Nd NdBasCuzO7 [2] <05 K =90 K
NdBa;Cuz04.9 [3] 05K {a) 0.3740.13 g2 K
NdBazCuz O s [3] 1.7K —
NdBazCuz 0¢85 [4] 0.5514£0.01 K (a) 0.55310.18 88 K

Sm SmBayCuz 07 (2] 06K ~00 K
SmBasCuy0¢.a [3] 081 K 92 K

Gd GdBazCuszOxs.7 [5] 2.22 K 90 K
GdBa;CuOq_s [6] 26 K 90 K
GdBazCus07 [2} 22K ~90 K
GdBaQCL'lsO?_a [7] 224 K 93 K
GdBayCus0Or-y [8] 221 K =92 K
GdBa»Cu;307 [9] 223K 948 K
GdBagCuaO;_s [10] 224 K 94 K
GdBasCu30r_; f11] 2.24 K 26%1 K
GdBaxCus 07 {12] 2.2240.07(a) 0.15 85.9 K
GdBagsCua0yr_5 [13] 2.2 K 93 K
GdBagCusCyo;s [13] 22K —
GdBazCua0ss [1 4} 2.2 K (C] 40K
GdBazCusOr [15] 2.25 K 0.164:0.01 93.5 K
GdBagCuao <6.5 [15] 220 K 0.13:0.02 <1.8 K
GdBasCusOy_g [11] 2.24 K 96 K
GdBBzOu,gOng [16] 227K 0.331:0.03 b
GdBazCuz0r.5 [17] 229K 911 K
GdBasCusOr_s [17] 2.23 K —

Dy DyBazCus 07 [20] 1.0+0.05 X (a) 95 K
DyBazCusO7 [2] 092K =00 K
DyBasCuz0r.s [11] 08K 92 £1 K
DyBa;Cu3Ors [21] 151K 92 K
DyBazCuz0q_s [21] 095 K —
DyBa:CusOr_s [22] 0.95 K 92-93 K
PyBaszCu3z0g 55 [23] 0.90 K (a) 91 K
DyBasCus0y;_4 (17 088K 91.8 KK
DyBazCuyO7_4 [17] 0.82 K —_

Ho HoBa;CuzOrus [121] <03 K 93 £2 K
HoBa;CusOq_s [22) 0ITK 92-93 K
HoBapCusOse [23] =0. 14K 935 K

Er ErBazCuz0; [11] 06 K 92 £2 K
El‘BBzCuaO?__y [8] 0.60 K ~32 K
ErBapCuy Oy [24] 0618 K {b) 0.1224+0.004 928K
ErBa;Cu30z..5 [22] 059 K 92-93 KK
ErBasCu3zOr_s [17] 0.82 K 92.5 K
ErBazCu3Oy._5 {17] 0.61 K _
ErBa;CuzO7_s 118] 0.5 K (d) 88 K
ErBasCu3zOr_s [19] 0.55 & 0.02 K 88 K

Yb YbBazCuz 074 [11] — 01£1 K
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Figure 1. Schematic representations of (a) AFA, (b} AaA, (c) AAF and (d} AFF
referred to in the text.

This apparent ambiguity in the determination of the effective dimensionality of the
magnetic interactions manifests iteelf also in the critical exponent 8 associated with
the order parameter. From table 1 we see that the measured values of the critical
exponent 3 range from from 0.553 + 0.18 K, characteristic of a Landau model, in the
case of Nd {4] to a value of 0.11£0.02 K, characteristic of a 2D Ising model, in the case of
Gd [15]. In view of this a precise knowledge of the role of the long ranged dipole-dipole
interaction and its dependence on the lattice parameters is desirable. We present a
detailed calculation of the (Fourier transform of the) dipole—dipole contribution to the
magnetic Hamiltonian.

In section 2 we briefly describe how the antiferromagnetic dipole lattice sum may
be performed efficiently by means of the Jacobi theta functions. Section 3 summarizes
the numerical results. The consequences for the layered rare earth compounds are
discussed in section 4.

2. Dipolar lattice sums

For a particular magnetic configuration the interaction energy can be written in terms
of the magnetic order parameter o{q) as

E= L%)z;“—ﬁj—l‘)n Yo (-9)0" (9)4°%(9) W)
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(n = the number density of magnetic ions) where the definitions of the order parameter
and the resultant propagator A**(q) depend upon the magnetic configuration under
consideration. (It may be shown that a screening of the dipole~dipole interaction
occurs due to the presence of the superconducting state. This effect is discussed in
detail elsewhere [26]. Since the effect is expected to be very small for antiferromagnetic
systems we neglect it here.)

It has previously been noted that the lattice sum required to evaluate the propa-
gator for a ferromagnetic configuration may be evaluated efficiently by expressing it
in terms of the Jacobi theta function [27]

o0

B3(; X) = Z e (2na=n’X) R (2)

n==—co

For the ferromagnetic system on an crthorhombic lattice

o(g) =y TR S(R,) (3)

§2 eiq Rn
e |_*o O BxﬁZ[R -z}

il (e ) o

In the region y — 0 the sum is made rapidly convergent by use of the Jacobi
imaginary transform

ox(eix) = Ty (5 z) - —— (5)

In principle the lattice sum may be performed for an antiferromagnetic system by
breaking the lattice into sublattices such that the spin arrangement is ferromagnetic
on each sublattice. The method described above is then generalized, as described
in {27] for non-orthorhombic ferromagnetic lattices, and the sum performed for each
sublattice. However a more efficient procedure is to express the antiferromagnetic sum
in terms of the Jacobi theta function of the fourth kind

A*P(q) =

Ou5iX) = Y (~1)rernen), e

A=—g0 °

For the antiferromagnetic system (AAA), shown in figure 1(b), in which spins alternate
in sign along each lattice axis (for example, as in GdBa,Cu;0,)

olg)= Y (~1)nutratnadeia a5 ) (7)
R,
af = — (ﬂ:+n2+ﬂa) ¢ q___
A%(g) = ]l}_.n oz 633 Z( IR, — z|

"r_a};f“z_) 0°° %ew’y( Heq(lq’ : m’”,“f)). (8)
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The sum is again made rapidly convergent in the small-y part of the integration range
by using the appropriate Jacobi imaginary transform

ea’z"'/.x P 1
0,(zX) = _\/—Y_eﬁ il , (9)

where ©,(z, X) is defined in the following manner

Oy(5X) = 3 er(Crotimtrhifzfx), (10)

=00

Besides the increased numerical efficiency, since only one lattice sum must be per-
formed, this method is especially useful for the detailed study of the siructure of
the propagator (such as explicitly calculating the non-analytic terms). Other anti-
ferromagnetic arrangements may also be treated by a single sum by an appropriate
combination of the f5- and 8,-functions. For example in the ErBa,CusO; system spins
alternate in sign along the ¢ and ¢ axis but are uniform along the b axis (figure 1{a)),
for this system {AFA)

o(q) = Z(—l)‘"l*“a)e“'"‘“S(Rn) (11)
n
ap (hatng) €7 7" 9 Ra
A™g) =~ Ial'.}-rﬂ dz,, 33: Z( t R, —=|
1 “ize—aﬁy(l_@ igio |, may oy
r(/2) o ¥ \ 2z ™ ' 7
. 2 : 2
1998y | ZoGay &Y 19205  Z303Y A3y
x®3( 2% T 7 7 )@4( w T w0 a )) (12)

Corresponding results may be obtained for the (AAF) and (AFF) configuration shown
in figure 1(¢) and 1(d) respectively.

3. Magnetic propagator

The magnetic dipole-dipole interaction energy for each configuration may be readily
calculated from the expressions in section 2 in the limit j¢gf — 0. (Ground state
energies for some antiferromagnetic arrangements have previously been calculated by
Felsteiner [28] and our results are consistent with those.)

In the case of the antiferromagnetic configurations (e.g. AAA, AFA, AAF and AFF),
shown in figure 1, the propagator A%°(q) may be expanded in terms of the momentum
as

4%8(q) = -a,,a(E:; - D:’q?) + D (1—8, )auds. (13)

In the above expansion the alternating sign in the expressions (equations (6} and
(11)) for the propagator A%#(q), whose origin lies in the alternating nature of the
antiferromagnetic spin configuration, results in a analytic expansion for the propagator
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around |g] = 0 despite the long range character of the dipolar interaction. The
coefficients in the expansion may then be obtained by taking appropriate derivatives
of the expressions in section 2. Results are tabulated in table 2 for two systems of
interest. Note the close agreement between the calculated value of the lowest energy
E, and the observed transition temperature in the case of ErBa,Cu,0,.

The dependance of the propagator on the spacing between the ab planes is best
illustrated by the curves presented in figures 2 and 3, in which the the coeflicients
appearing in the above expansion of the propagator are plotted as a function of the
ratio r = ¢/a for the (AAA) and the (AFA) configurations respectively. In both figures
the results for the corresponding 2D square lattice are shown for comparison. Note
that the coefficients in the propagator are very close to the 2D results for r = ¢fa > 2.5,
thus indicating a rapid crossover from three-dimensional to two-dimensional behaviour
as a function of the spacing between the ab planes.
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Figure 2. Graph showing the dependence of the  Figure 3. Graph showing the dependence of the
coefficients given in the expansion of the propa-  coefficients given in the expansion of the propa-
gator as a function of the ratio a/b for the AAA  gator as a function of the ratio o/b for the aFa
configuration with the spins aligned perpendicu-  configuration with the spins aligned along the b
lar to the ab plane. axis.

4. Conclusions

Existing techniques developed to study ferromagnetic dipolar systems may be readily
extended to the case of antiferromagentic systems. This allows the dipolar contribution
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to the magnetic propagator to be computed efficiently with a high degree of precision.
Typical results are tabulated in table 2.

Table 2. Estimates of the coefficents in the propagator in K. Notation is as in
equation (13). The wavevector g is in units of inverse lattice spacing in the a direction.
For GdBaaCu3 Q7 the free ion value of the saturated magnetic moment pug with
p = gi/s(s+ 1)(g = 2) is used. For ErBagCu3Q7 the experimentally determined
value [18] of p = 4.8 is used.

Coefficent GdBayCuy 07 ErBa;CuzO7

E! 0.44553 0.74970
E? 0.44553 -0.62718
E® -0.89106 -~0.12252
Di -0.97453 —0.30022
D3 0.70210 -0.32899
D} 0.000 46 0.00719
D 0.702 10 0.03796
Dz —0.97453 0.44087
D 0.00046 0.00000
D3 0.27243 0.26226
D3 0.272 43 ~(.11188
D —0.00093 —-0.00719
D2 0.43007 -0.21787
D13 0.00039 0.006 43
D 0.000 39 —0.00076

In contrast to the situation that pertains in the case of a dipolar ferromagnetic
system the momentum dependence of the propagator in the dipolar antiferromagnetic
case does not contain a non-analytic term at g — 0 [29]. This implies that the critical
properties will be characteristic of the same universality class as a system with short
range interactions only.

Resulis presented in section 3 show that in the case of the tetragonal lattice the
propagator closely approximates the propagator for the corresponding 2D lattice when
the ratio » = afc > 2.5 for both spin configurations considered. This is somewhat
surprising given the long range character of the dipolar interaction and differs sub-
stantially from the situation that pertains in the ferromagnetic case. In particular it
implies that the layered systems studied experimentally will be in the universality class
of the two-dimensional Ising model (except in a very small range of reduced tempera-
ture) despite the presence of dipolar interactions. This is completely consistent with
experimental studies on ErBa,CugO, [24]. { The modification o the ground state
energy arising from the screening of the dipolar interaction due to the presence of the
superconducting state has been calculated elsewhere [26] and shown to be negligable
in the antiferromagnetic case. We therefore do not expect it to modify our conclusions
here.) The range of reduced temperature in which the crossover to three-dimensional
behaviour will be seen may be estimated from the difference in the ground state energy
of the physical system and the ground state energy of the two dimensional system.
From this we expect that crossover to three-dimensional behaviour will only occur in
a reduced temperature range At < 0.03.

As mentioned in the introduction, the effective dimension of the remaining com-
pounds is less clear. Specific heat data for GdBa,Cu;0,, DyBa,Cu,0.,, NdBa,CugO,
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and SmBa,Cusz0; [17,7,8,3,25] appear to be described by the solution of a two-
dimensional lsing model. However neutron diffraction experiments appear to indicate
a much stronger three dimensional ordering in these systems than in the correspond-
ing Er compound (e.g. [16,20]). Moreover, as the data presenied in table 1 indicate,
the measured values for the critical exponent for the order parameter yield a range of
values that encompass both 2D and 3D critical exponents.

Despite the apparent lack of a consistent picture with regard to the effective di-
mensionality of these systems, the above results, together with the fact that the (AAA)
state found in these compounds is unstable with respect to the (AFA) state for a system
with dipole—dipole interactions only, suggest that a further mechanism contributes to
the magnetic Hamiltonian. In order io obtain a consistent picture it would appear
that there exists some interplane (and possibly intraplane) exchange coupling in addi-
tion to the dipolar interaction. The precise nature of the mechanism giving rise to an
interplane coupling is however far from obvious and while a superexchange mechanism
via the oxygen atoms [15,7] is a possible candidate, there is no experimental evidence
to substantiate such a hypothesis. Indeed it is difficult to discern any systematic be-
haviour either in the value of the Néel temperature or in the nature of the specific
heat in the vicinity of the magnetic transition from existing experimental studies on
the effect of the oxygen content on the magnetic properties of the rare earth ions
[15,22,3,17,7].

The questions surrounding the interpretation of the experimental data concerning
the nature and critical properties of the magnetic order parameter and the role of the
oxygen content may arise from the fact that the systems of interest exhibit a crossover
behaviour from 2D to 2D behaviour (and possibly Ising-like to XY or Heisenberg as has
been suggested elsewhere {17]). The range of the crossover would obviously depend
critically on the strength and nature of the interplane coupling. This implies that
the determination of the critical properties of such systems from the experimental
data would depend crucially on the temperature range used in the analyses and on
the sample preparation, since this, one presumes, would modify the strength of the
interplane coupling.

The picture that emerges regarding the magnetic properties of the REBa,CugOy_;
compounds is far from clear. Based on the work presented here and the experimental
studies cited in table 1 it is apparent that while the dipolar interaction is important
it cannot account for the three-dimensional characteristics observed in many of these
compounds. Careful determinations of the other critical exponents, in addition to
3, would help to establish the extent to which these compounds can be regarded as
effectively two-dimensional or three-dimensional.
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